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. ■ We provide further crucial support for a refined, area metric structure of spacetime. Based 

Ch ■ 

on the solution of conceptual issues, such as the consistent coupling of fermions and the 
^v^j \ covariant identification of radiation fields on area metric backgrounds, we show that the 

radiation-dominated epoch of area metric cosmology is equivalent to that epoch in standard 
Einstein cosmology. This ensures, in particular, successful nucleosynthesis. This surprising 
result complements the previously derived prediction of a small late-time acceleration of an 
1} area metric universe. 

(N ■ I. INTRODUCTION 

> 

\ Refinement of the standard metric to an area metric spacetime structure provides an expla 

in 

This prediction intriguingly follows solely from reading the Einstein-Hilbert gravitational action as 
dynamics for an area metric spacetime structure [2(], without the need for any additional, strongly 



nation for the small acceleration of the late universe filled with non-interacting string dust 
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model-dependent, assumptions such as the existence of dark energy. 

X ■ 

In the present paper, we demonstrate that area metric cosmology is also consistent with what 



is known about the early universe, in particular, about the radiation-dominated epoch. In order 
to substantiate this claim, we first address a number of conceptual issues, such as the consistent 
coupling of fermions to area metric backgrounds, and the identification of bosonic and fermionic 
radiation fields in terms of invariants of the relevant field strengths. These results enable us to derive 
the equations of state for a radiative string fluid. Remarkably, we find that area metric cosmology 
filled with bosonic and fermionic string radiation is exactly equivalent to Einstein cosmology with 
a standard perfect radiation fluid. Hence important phenomenological tests, such as successful 
nucleosynthesis , are passed with flying colours by area metric cosmology. 

These observationally consistent predictions for the early and the late universe [f], Q] are all 
the more remarkable in that they follow from a single geometric hypothesis, namely that the 
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classical spacetime structure needs to be refined to an area metric one. This assumption, that 
physical spacetime is described by an area metric, in turn simply casts into geometric form what 
we have learnt from string theory: the massless modes of the quantum string generate an effective 



ds. Indeed, it has been shown 



geometry richer than what can be described by Lorentzian manifcx 
that the generalized backgrounds , LUJ, LUJ, LL2J, LUj, LLJ, LUj, LLQ, UJ], UM, LLSl] produced by 

: undamental strings and even D-branes can be succinctly viewed in terms of area metric manifolds 
2o| . Conversely, on an area metric manifold, the minimal mechanical objects are strings; this fact 
manifests itself in area metric cosmology by fluids that are necessarily composed of strings rather 
than point particles. For a formal discussion of these points, we refer the reader to [2jl. 

n q 

The present article builds on the constructions of our previous papers [1|, 12|- For the convenience 
of the reader, section [II] concisely reviews the results relevant here. In the following sections, we 
develop, from first principles, essentially three new techniques for area metric spacetime, which 
are crucial for the definition of a radiation-dominated phase in an area metric cosmology. First, 
we devise a consistent coupling of fermions to an area metric in section IIIII Second, the physical 
momentum of fermions and gauge fields is identified from the respective source tensors in section HV1 
Third, we further deepen our understanding of the null geometry of area metric spacetimes; in 
particular, we derive a dual to the Fresnel tensor in section [Vj With these tools at hand, we identify, 
in section IVIl bosonic and fermionic radiation fields in an invariant manner, by requiring that the 
physical momentum for radiative solutions should be null with respect to the dual Fresnel tensor. 
It is then straightforward to derive the equations of state for a bosonic or fermionic radiative string 
fluid, and to prove the full equivalence of area metric cosmology to standard Einstein cosmology 
in a radiation dominated phase, in section IVIIl In section IVIIII we conclude with a discussion. 
Appendix [A] is added to display our conventions. 

II. AREA METRIC SPACETIME IN A NUTSHELL 

We recall the definition and central constructions of area metric geometry, as far as they are 
of relevance for the present paper. An area metric spacetime (M, G) is a four-dimensional smooth 
manifold M equipped with a fourth-rank covariant tensor field which features the symmetries 

G a bcd = G c dab = ~ Gbacd = ~G a bdc (1) 
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and is invertible in the sense that a contravariant tensor field with components G abcd exists, so 
that everywhere on M 

G abmn G mncd = 45^ . (2) 

We also require the area metric to be Lorentzian, in a sense to be defined below. Note that, due to 
its symmetries, the area metric can be regarded as a symmetric 6x6 matrix with Petrov indices 
which arise from the antisymmetric index pairs [ab] . Using the determinant Det of this matrix, an 
area metric immediately gives rise to a volume form and a dual four-tensor 

abed = |Det G\ l / & e ahcd , u G abcd = -|Det G \-^ e abcd , (3) 

which in particular allow a unique decomposition of the inverse area metric as 

G abed = (jabed + ^abed ^ ^ 

where <f> is an axial scalar field, and C is an inverse area metric featuring the additional cyclicity 
symmetry (7 m I afec ] = 0. 

The null geometry of the area metric manifold is determined solely by the cyclic part C, and 
encoded in the totally symmmetric Fresnel tensor 
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Q l3kl = -^Cmnpa^CrstuC^C^C 1 ^ . (5) 

The Fresnel tensor defines the null geometry because the gradient p of light wave fronts in elec- 
trodynamics on area metric manifolds satisfies the local condition G^ kl PiPjPkPi = 0. We will make 
essential use of a dual to the Fresnel tensor, which we derive in section [VJ in order to identify 
bosonic and fermionic radiation fields on area metric backgrounds. 

While the Fresnel tensor only depends on the cylic part C of the inverse area metric, the 
extraction of an effective metric go from area metric data requires the use of the axial scalar (ft in 
the decomposition ^j: we define 



Q ab_l & 
9g — o 



G ijkl PiP jP kPi) 1/2 ■ ( 6 ) 



2 dp a dp b p=d4> 

The geometric significance of this construction is explained in [2j; see also the connection to the 
Urbantke metric in 
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251 ]. Finally, we define the signature of the area metric manifold (M, G) as 
the signature of the metric go- In particular, a Lorentzian area metric manifold (M, G) is one for 
which go has signature ( — h ++). In summary, an area metric spacetime manifold gives rise to a 
hierarchy of derived structures 

Lorentzian area metric G — * Fresnel tensor Q — * Lorentzian metric go ■ 
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A special class of area metric spacetimes (M, G) is given by what we call almost metric space- 
times; these are induced by a metric spacetime (M,g) and an additional scalar field <j) by virtue 
of 

Gabcd „acbd ad he , i, abed /n\ 
— 9 9 —9 9 + P^g ■ {<) 

For such area metrics, the Fresnel tensor simply turns out to be Q^ kl = g^g kl \ and the metric go 
recovers the inducing metric g. The null condition reduces to (g ab p a Pb) 2 = 0, as we expect for a 
basically metric manifold. Generically, however, area metrics are not of the simple form ([7]); the 
area metric G contains truly more information than the effective metric go, and the null geometry is 
described by the Fresnel tensor, and not by a metric. This follows already from counting algebraic 
degrees of freedom: in four dimensions, the case of immediate physical interest, an area metric 
features 21 algebraic degrees of freedom, as opposed to the 10 degrees of freedom for a metric. 
The refined geometry of an area metric manifold leads to a sixth rank curvature tensor 

K [ G ia2 \b,b 2 m\ = M [ fcB^ m + (yl c x a ^ blb2J + l -x a ^ pq% xv% b2j - (i ~ j)), (8) 

where R and XJ LC are the Riemann tensor and the Levi-Civita connection, respectively, of the 
effective metric go, and the non-metricity tensor X is defined by 

v-aia2 s~taia2mn\-7 r~i vf a i a 2l l(S\ 

X b l b 2 f - ^G VfG mnblb2 -X l i [b l b 2 ]f- ( 9 ) 

The area metric curvature tensor, as well as the associated area metric Ricci tensor 
(TZc)ab = Tl pq paqb and area metric Ricci scalar IZq = g l G('^'G)ab, reduce to their metric coun- 
terparts for almost metric area metrics; X simplifies in this case in such a way that the [ij] 
antisymmetrization removes it from the curvature. These correspondences show that area metric 
geometry is downward compatible to metric differential geometry, which is therefore contained as 
a special case. 

The above facts show that the Einstein-Hilbert action may be read as an action also for the 
refined area metric background: all metric objects are simply refined to their area metric counter- 
parts. We hence obtain the area metric gravitational dynamics 

Sgrav + S m = — j LOcTIg + / C m , (10) 
lK J M JM 

where we have added an action for matter defined on an area metric background. The constant k 
will turn out to be k = 16-kGn for Newton's constant Gm- How the observed standard model 
fields couple to area metric spacetime is discussed in the following section. The gravitational field 
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equations are derived from (jlOp by variation with respect to the area metric, see [2]. Important 
for the purpose of the present paper is that the diffeomorphism invariance of the above theory 
immediately leads to a conservation equation 

T abcd Vf c G abcd + 4(v£ c + l -X p ) (G abc ^T abci ) = (11) 



for the fourth rank tensor 



- abed 



6S.. 



DetG|-V«>^. (12) 



We call T the source tensor of matter on an area metric manifold. Its relation to the physical 
energy-momentum tensor will be studied in section HVi Since the source tensor is derived by 
variation with respect to the inverse area metric, it has the algebraic symmetries of an area metric. 

Symmetries of an area metric manifold are, like in the metric case, expressed in terms of Killing 
vector fields K, for which the Lie derivative C^G = 0. Homogeneous and isotropic four-dimensional 
Lorentzian area metric manifolds for instance, providing the geometric ansatz for cosmology, are 
obtained by imposing the relevant Killing vector fields and using the fact that the pull-back of an 
area metric to any three-dimensional submanifold is equivalent to metric geometry 2j, |26|. One 
obtains that area metric cosmology is of the almost metric form ([7]), where now 

g ab dx a dx b = -dt 2 + a(t) 2 dZ 2 k (13) 

is a standard FLRW metric with scale factor a and spatial curvature k = —1, 0, 1, and <j) a function 
only dependent on cosmological time [2]. Thus four-dimensional homogeneous and isotropic area 
metric spacetime features an axial scalar degree of freedom in addition to the standard metric 
scale factor. Recall that almost metric backgrounds have Presnel tensor Q % i kl = giv g kl \ and the 
derived effective metric go = 9- F° r area metric cosmology, the gravitational field equations simplify 
drastically; the purpose of this paper is to derive and solve these equations for radiation-dominated 
epochs of the early universe. 

At large scales, the matter in an area metric universe is appropriately described by a string fluid. 
That fluids must be constituted of strings, rather than point particles, is an immediate consequence 
of the refined geometric structure presented by area metric spacetimes. This refinement is mirrored 
in the string fluid by the presence of three macroscopic variables p,p,q (instead of only two, i.e., 
density and pressure, on metric spacetime). The source tensor for a three-component string fluid 
takes the form 

3 



1 3 

Tabcd = {p + P)j Yl Gabij^y G cdkl nf +pG abcd + {p + q)G [abcd] , (14) 



1=1 
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where fi/ are tangent areas to the strings constituting the fluid, generalizing the tangent vectors u 
to particle worldlines appearing in the description of perfect fluids on metric backgrounds. Three 
components are needed in order to allow for local isotropy of the fluid, despite the extended nature 
of the individual strings. 

A key task in the discussion of various epochs of cosmological evolution is therefore the identi- 
fication of the equations of state governing the variables p,p,q, appropriate for the kind of matter 
present. The equations of state for non-interacting string dust, p = and q = —p, have already 
been identified in [2]. For bosonic and fermionic radiation fluids, we will show in the following few 
sections that one of the equations of state takes the form 

9 = 0, (15) 

which is the key result in proving our claim that the radiation-dominated epoch of area metric 
cosmology does not differ from general relativity. Like in the case of string dust, the equation of 
state for radiation on an area metric manifold is a non-trivial result, and requires the development 
of some additional technology. We start by studying the coupling of gauge bosons and fermions to 
an area metric in the following section. 



III. GAUGE BOSONS AND FERMIONS 



For our study of the radiation-dominated epoch of area metric cosmology, we need to know how 
gauge bosons and fermionic matter couple to the area metric background. 

As the reader may recall from [2], or as she learns here, abelian and non-abelian gauge bosons 
directly couple to the area metric; the matter action for gauge fields reads 

S = ~ f log Tr G abcd F ab F cd , (16) 

where F^ = d a A A — d b A A + f A BC^-a ^b f° r structure constants f A sc of some Lie algebra, and 
the trace is taken over the gauge algebra indices. The variation of this matter action with respect 
to the area metric yields the source tensor 

T a bcd = o Tr F ab F cd — —-GabcdG 1 ^ 1 Tr FijF k[ , (17) 
8 192 

which is, and this will become important later, trace-free: 

G abcd T abcd = . (18) 
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The coupling of fermions requires a spin structure. Here we will make use of the fact that an 
area metric spacetime (M,G) gives rise to the hierarchy of structures G — > Q — > go, as discussed 
in section HH The simplest procedure to introduce fermions is to define a spin structure related to 
the effective metric go- For the case of an almost metric background, on which the cosmological 
conclusions of this paper are based, we demonstrate explicitly the consistency of this coupling, at 
the end of the present section. This coupling also provides us with the following important result: 
the source tensor for Dirac fermions in a cosmological area metric background satisfies 

^ bcd T abcd = , (19) 

which ensures, among other things, the conservation of the physical energy-momentum of our 
fermions, see section UVl The remainder of this section is devoted to the derivation of identity (I19p . 

Before employing techniques specific for area metric backgrounds, we fix our notation by con- 
cisely recalling some standard constructions for Dirac spinors on curved metric spacetime; see also 
appendix [A] for a consistent set of conventions used in this paper. The effective metric can be 
diagonalized locally by the introduction of a tetrad e%, i.e., a local basis {e^} of the cotangent 
bundle, where latin characters denote spacetime indices and greek characters denote flat tangent 
space indices: 

9Gab = efcb'niJ.v > ( 20 ) 

where rj is the Minkowski metric of mainly plus signature. The choice of the tetrad is not unique; 
tetrads are only determined up to a local Lorentz transformation e% *— * A(x)^ u e^, so that all 
constructions involving the tetrad must be covariant under local Lorentz transformations. 

In order to achieve this, we introduce a covariant derivative D that acts on tensor fields valued 
in some representation of the local Lorentz group. More precisely, we write group elements given 
by parameters u as exp(u> fiU T, llu /2), compare (|A7j) . for the six generators Y,^ v A b with T,^ = Sr^,,] 
of some representation of <SX(2,C). Let ifj A be the components of a tensor field valued in the 
corresponding representation vector space, suppressing any spacetime tensor index. Then the 
covariant derivative is defined as 

(D a ^) A = VfV + \^\^ A b^ B , (21) 

where oj^ u a is the so-called spin-connection, to be determined below. The use of V LC ensures 
covariance with respect to spacetime diffeomorphisms while the spin connection guarantees local 
Lorentz invariance. If a field carries indices corresponding to various representations 
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of SL(2, C), then further terms containing the additional generators are simply added to (|21|) . 
In order to determine the spin connection in terms of the tetrad, we require that the covari- 
ant derivative commutes with the mapping of any vector field X to the flat tangent spaces, i.e., 
e p D a X b = D a (e p X b ). Hence the covariant derivative of the tetrad must vanish; since e b carries one 
spacetime index and one index corresponding to the vector representation of the Lorentz algebra, 
for which Yj^ 9 a = 2S l L'r) ll ] )J , this amounts to 

D a e% = d a < - r LCc ba e? + ^ pa e p b = . (22) 

Antisymmetrization of this equation over the indices [ab] removes the Christoffel symbols of the 
effective metric; the resulting equation may be solved for the spin-connection in terms of the tetrad 
and the inverse tetrad, i.e., the dual basis {e p } of the tangent bundle defined by e b p ea = 5%: 

^ p a = \e bp {d a e p b - d b e p ) -{ji^p)- ^e cp (d b e ca - d c e ba ) e£ . (23) 

Note that flat indices are consistently raised and lowered with 77, and spacetime indices with the 
effective metric go- Also note that ui pp a = —to pp a . Using the result for the spin connection and 
solving for the Christoffel symbols then shows consistency with their usual definition via the partial 
derivatives of the effective metric. To obtain the expression in terms of the tetrad, one simply 
replaces go using (|20p . Local Lorentz transformations e p A{x) p, v e [ hence do not change T , 
but the spin connection transforms as a connection should: 

u^ a 1 * A%A V a uj p \ + A^d a A"\ . (24) 

Now consider fields valued in the Dirac-spinor representation of the Lorentz algebra, whose 
generators are given by Ti pi , = [r«,r„]/4, with the algebra relations given in (|A6P and the Dirac 
gamma matrices T 9 which form the Clifford algebra (|A4p . For notational clarity, we will mostly 
suppress the spinor representation indices A, B, ... . It is convenient to define the spacetime Dirac 
matrices j a = e^T 9 in terms of the tetrad and the flat spacetime Dirac matrices. Their Clifford 
algebra immediately implies 

{7 a ,7"} = 29$U. (25) 
Some calculation shows that the covariant derivative of the spacetime Dirac matrices vanishes: 
D a ( 7 b ) A B = e b u (cu» pa (T p ) A B + ^\(Z pa ) A c(n c B - ^\(Z pa f B (Tn A c) =0. (26) 
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Moreover, the expression "y a D a ip has a very simple transformation property under local Lorentz 
transformations: 

rfjy^ „ A 1/27 a D a ^ (27) 



where A1/2 is the spinor representation of the local Lorentz group as defined in (|A7j) . Showing this 
requires the use of (jA8j) and the identity d a K^ u = A^ p d a u> pi , which follows from the form of the 
Lorentz generators in the vector representation. Nothing of the above is new. 

After these preliminaries, however, we are in the position to write down the action for a massive 
Dirac spinor on an area metric manifold, both invariant under spacetime diffeomorphisms and local 
Lorentz transformations of the the tetrad chosen to represent the effective metric: 

= J uj G ^j a D a ^ - l -D a ^ a 4> - im^) , (28) 

where the conjugate spinor is i/j = ip^T . Note that the action is real, compare (|A10p . Variation of 
this action with respect to V> yields the Dirac equation of motion 

{l a D a + ^l a Xa ~ m) V = . (29) 

The term involving the non-metricity tensor X arises from an integration by parts. Using rela- 
tion (|A5p . it can be checked that the equation arising from variation with respect to tp is the 
Hermitian conjugate of the equation above, multiplied by T°, and hence consistent. Note that this 
would not have been the case, had we not chosen the action symmetric in ip and V>. 

The action for the massive Dirac spinor depends on the area metric directly through the volume 
form, and more implicitly through the tetrad that represents the effective metric and appears both 
in the spacetime 7-matrices and in the spin connection in the covariant derivative D. To obtain 
the source tensor, i.e., the variation of the action with respect to the area metric, we first need to 
derive the variation with respect to the tetrad. It is not difficult to find that 

S e S^ = [ log 5el l - (^D a iP - Da^iP) + / lo g 5u"\ -e a ^T {ll T p T . (30) 
J M 1 JM 4 

The second integral can be shown to vanish by substituting expression (|23p for the spin connection, 

and using the symmetries. The variation of the action with respect to the effective metric can be 

written as 



%)a ■ (31) 
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Hence the total variation of the action with respect to the area metric background is 

*S* = f M (SG^VS^ + 8g$V? G ab ) , (32) 

where the quantities 

yLbcd = ~^G abcd (^H p D p ^ - \d p ^ - m^) , (33a) 

V taa b = I {H« D ^ ~ D (a^) (33b) 

have been defined for convenience; the remaining calculation of the variational equations now 
proceeds precisely as in [2|: compare equations (B.14)-(B.17) there, for the case of general area 
metric backgrounds. 

In this paper we are interested in applications to cosmology, so that we choose to display only 
the almost metric case in more detail. Then the variations K^j and Kt of the fermion action with 
respect to the irreducible components C and <p of the inverse area metric have the same form as 
equations (C.l) and (C.3) of [2]. We may thus deduce the fermion source tensor from the relations 



K* = uf l Tf. kl , K$ abcd = Tt hcd + ^K*g a[c g d]b + ±K+u, gabcd , (34) 



and obtain 

T abcd = V Gabcd + \ V t[a[ C 9d]b] ~ ^V^> g a[c g d]h . (35) 

Using the Dirac equation (j29H allows a number of on-shell simplifications. One finds vanishing trace 
Vf = and 

abed — ^' The latter result is not surprising; as is the case for metric backgrounds, 
the Dirac Lagrangian also vanishes on-shell in area metric geometry. Note that all terms in the 
on-shell fermion source tensor contain at least one metric factor, so that the following relation 
holds: 

<° d TLd = 0- (36) 

So we have proven (|19p for a cosmological background, a result that will be crucial for the identi- 
fication of fermionic radiation in cosmology. 

Finally, one can check the consistency of the coupling of fermions to the area metric back- 
ground by demonstrating that the fermion equation of motion (|29[) implies conservation of the 
source tensor, as in (|11|) . If this were not the case, the conservation equation would become a 
constraint equation for the fermion field, and remove essential degrees of freedom. The calcula- 
tion is performed for the simple case of almost metric manifolds, with source tensor (|35p . which 
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underlies our cosmological conclusions in this paper, and requires a number of spinor identities. 
The commutator of covariant derivatives acting on the spinor field, for example, is proportional 
to the Riemann curvature, i.e., [D a , D b ]ip = 1/2 R^ 11 'oftS^^. Writing Jj) = ^ a D a , this in turn 
implies D a D a ip = ft 2 ip — 1/2 R ,MUpa Yii lu 'Ep a ip. Similar identities hold for the conjugate spinor -0, 
and allow the conversion of all derivatives in the conservation equation into simpler expressions by 
means of the Dirac equation of motion. After some algebra one thus finds a remaining expression 
of the form ei v R papv il)\T ^, Y, pa }ip. Now the anticommutator gives totally antisymmetric indices, 
{r^Epo-} = Ti^TpTpi, so that the expression vanishes because of the symmetries of the metric 
Riemann tensor. Hence the fermion equation of motion indeed implies source conservation, which 
renders the fermion coupling to the area metric background consistent. 

The following two sections prepare the definition of radiation fields on area metric spacetime. 

IV. PHYSICAL MOMENTUM OF MATTER FIELDS 

In this section, we identify the physical momentum of Dirac fermions and gauge fields on an 
area metric background, using the insights afforded above. The diffeomorphism invariance of the 
gravitational action (llOh directly implies an area metric Bianchi identity, and the conservation 
equation (jlip of the rank four source tensor f)12[) . The natural question arises of how the fourth 
rank source tensor T abcd is related to the energy-momentum of matter. To this end, define the 
second rank tensor 

T cf A = 4G p " ra T pqrb (37) 

from the source tensor. For the case of immediate interest to this paper, namely for almost metric 
spacetimes describing area metric cosmology, the interpretation of T e fj as the physical energy- 
momentum is easily proven to be correct, as follows. 

Using the effective metric, the source tensor may be decomposed into a Weyl part T^ cd , a Ricci 
part T a b = 9 mn Tmanb, a scalar part T = g mn g rs T mrns and, because of the generic non-cyclicity of 
the source tensor, a totally antisymmetric contribution T = ujg Qrs T pqrs , such that 

1 1 

T a bcd = T ahcd + 2T[ a [ c g d ] b ] - -Tg a [ c g d j b - —Tuj gabcd . (38) 

The tensor T w has the symmetries of the Weyl tensor, so that it is tracefree with respect to the 
effective metric g. Expression f|37j) now simplifies to 

T c z a b = ST\ + 4>5 b l f . (39) 
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In the following we will identify this tensor as the physical matter energy momentum tensor as it 
appears from the gravitational equations of motion in the almost metric case. These follow from 
the action (fTUI) . compare [2j, as 

Rab - \R9ab - <T X ( V a ^0 - 9ab$) = « (^o6 + \<l>9abf) , (40a) 

-0(1 - 2 ) 1/2 i? = «T, (40b) 
= «T]L. ( 40c ) 

where we have defined <j) = (1 + cj) 2 )- 1 / 2 . (Note that the sign of 4> is lost in this redefinition, so 
that we have to restrict to positive (f), or < <j> < 1. There is another branch of negative (f> for 
which one can replace <p t—. > — <j) also in the equations, so that — 1 < cj) < 0.) The above equations 
tell us that the Weyl part T w of the matter source tensor has to vanish for consistent coupling to 
almost metric backgrounds. This simply shows that there is matter whose backreaction requires 
more generic area metrics than those of almost metric form. We also see that the tensor (|39h 
indeed appears as a multiple of the matter side of the first, Einstein type, field equation. Hence 
our identification of T e g- as the effective matter energy momentum is validated. However, we still 
have to explain why the factor +4 in our definition (|37|) must be chosen. But first note that this 
fixes the value of the constant k in the equations. The matter side of the first equation can now 
be written as ft/2T e fj a ft, so that one needs k = WttGn, with Newton's constant Gm, to obtain the 
correct Einstein limit. 

The normalization of T e g is quickly calculated by considering the purely metric induced case, 
which is the limit of the almost metric case for <j> —* 0: consider the usual definition of energy 
momentum by variation of the matter action S m , 

rna ou j- \—l/2^^m oU , 1-1/2 fiSm ^ 'g' 1 / A -.\ 

T b = 2|det g\ 1 - — g cb = 2|det g\ 1 vqrs — g cb , (41) 

j CLC g — 1 J (XC- 

where we assume that the matter action is one that can be generalized to an area metric background 
and reduces to a metric action for G^d = C ga bcd = 2g a [c9d]b> so t na t the second equality is justified. 
Now rewrite the expression 

-^g cb = -2C p q ^X ] ■ (42) 

Using the definition (jl2l) of the source tensor and and the determinant identity |Det C g \ = |det g| 3 , 
it follows that the energy momentum tensor in equation (|41[) precisely coincides with the effective 
energy-momentum tensor (|37p . This confirms the normalization by the factor +4. 
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A simple conservation law for the effective energy momentum density, denoted by a tilde, 

T ef A = 4|Det Gf / 6 G^ m T pgr6 , (43) 

follows from the source tensor conservation equation (jlip . It is not difficult to see that the term X p , 
which arose from an integration by parts, can be removed by densitizing the equation; we may 
hence write 

V^feff^ + |Det G\ 1/6 T abcd V^ c G abcd = . (44) 

Note that the conservation of effective energy momentum density depends on whether or not the 
second term in the equation vanishes. In the almost metric case, this term simplifies to 

V£ C T eff ^ + ^^L= u>f cd T abcd = . (45) 

Since d(f> is generically non-zero, the effective energy momentum density is only conserved if the 
matter source has no totally antisymmetric component, i.e., if T = u>g bcd T a b c d = 0. As we will show 
below, this is the case for an early universe filled with fermionic and bosonic radiation. 

The most relevant insight for our further developments in this article is that the physical mo- 
mentum of the matter fields is given by 

f = r eff f o (46) 

choosing a gc-orthonormal frame {eo,e Q } for an observer with four- velocity eo = u. Note that for 
the identification of radiation fields, whose physical momentum j is Fresnel-null, the normalization 
of the observer's velocity u is irrelevant. 

Before continuing this discussion, we remark that T e g also seems to be meaningful as the phys- 
ical energy-momentum of fields on general area metric backgrounds, not only the almost metric 
ones which are of direct relevance for our application to cosmology. An explicit calculation on gen- 
eral area metric manifolds demonstrates this for electrodynamics (|16j) : we will show the equality 
of — r o fj o to the Hamiltonian energy density of the abelian gauge field A. The calculation of the 
effective energy momentum tensor from the source tensor fjlTf) yields 

T eff ° = |Det Gl 1 / 6 (±G°P O5 F O0 F OS - \c a ^ s F aP F 1& ) , (47) 

denoting spatial indices by greek letters. The Hamiltonian density on the other hand is most easily 
obtained from the Lagrangian density Ca in the temporal gauge Aq = 0, in which it becomes 

C A = -i|Det Gl 1 / 6 (G a ^ s F ap F lS + 4G°^ s A p F lS + 4G 0/30 %i 5 ) . (48) 

The momentum conjugate to Ap is defined as 11^ = dCA/dAp and the Hamiltonian density is 
7i = H^Ap — Ca- One thus finds precise agreement, 7i = — T e g°o. 
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V. MORE ON NULL GEOMETRY 

Equipped with the physical momentum density for matter fields coupled to an area metric 
background, we would like to identify radiative solutions by null momentum. Recall from section [III 
that null covectors are defined via the Fresnel tensor Q l i k \ see (J5J) , associated with the area metric. 
These Fresnel- null covectors have immediate physical significance as the directions of light fronts. 
For the identification of bosonic and fermionic radiation fields in the next section, however, we 
need to have at our disposal also a dual Gijkl °f t ne Fresnel tensor, in order to define radiation 
fields via null physical momentum vectors in the next section. 

The basic idea leading to the construction of the dual Fresnel tensor may be borrowed directly 
from classical string theory; we know that the endpoints of open strings on metric manifolds follow 
null curves. We now carry this result over to open strings on area metric manifolds: consider 
an open string worldsheet x(t, a) with local tangent area D, = x A x' that solves the stationarity 
condition Q 

[dG c (n,-)](n r ) = o, (49) 

where G c denotes the cyclic part of the area metric, so that this worldsheet becomes a minimal 
surface on (M, G) . We parametrize the worldsheet so that one of its boundaries lies at a = and 
impose von Neumann boundary conditions x'(t, 0) = 0. Since we are interested in the motion of 
the boundary curve, we Taylor-expand around a = 0, which gives 

x(t, a) = yo(r) + \a 2 y 2 (r) + 0(a 3 ) , (50) 

where we write yi(r) for the i-th derivative {d a ) l x{T, 0). We substitute the expansion into the 
stationarity condition. To lowest order O(a ) this yields a single contribution, coming from the 
second derivative x", which has to vanish on its own: 

G% bcd (yo)ySy c yi = 0. (51) 

Choosing a basis {e ,ea,} of the local tangent spaces so that e = yo, and using the symmetries 
of G c , this equation becomes G?^y2 = 0. Since yi ^ generically, the only way to satisfy this con- 
dition is to require the vanishing of the determinant of G9~.~, i.e., w°°^w 0kA ^G? ~ , G^~-~ (7? = 0. 

0/30<5 OaO/t 0/30A O7O/J 

Writing X = yo we can obtain this covariantly as 

r> v a v b v c v d _ 1 ijkl ranpq n C s~tC s~iC v a v b v c v d_r. /koA 
yabcdX AAA - -—U gC uj gC ^ij m ( a ^ b \ kn \ c ^ d )ip q ^ AAA -U, [bZ) 



15 



which defines the totally symmetric covariant dual Fresnel tensor. Note that our choice of the dual 
tensor u G c implies that the dual Fresnel tensor only depends on the algebraic curvature part 
of the area metric. These results easily generalize to higher dimensions, which however will not be 
needed in the present paper. 

We may thus call a vector X on an area metric manifold null if it is null with respect to the dual 
Fresnel tensor according to equati on (15211 . The same condition can be derived from the framework 

23I]. similarly as we did in Q], but starting from a geometric 



of pre-metric electrodynamics 
definition of light rays 



27, 



21 



22, 



281 ] . With the notion of null vectors on area metric manifolds at hand 



we finally turn to the discussion of radiation fields. 

VI. RADIATION FIELDS 

Collecting results from the previous three sections, we may now provide an invariant character- 
ization for radiation fields. We start from the physical definition of a radiation field configuration 
as one for which the physical momentum (|46p is Fresnel-null everywhere, 

Gabcdfj b fj d = 0. (53) 

For our application to cosmology, we are only interested in homogeneous and isotropic area metric 
manifolds, which take the almost metric form ([7]), as discussed above; then the expression for the 
dual Fresnel tensor (|52p becomes 

Q** = 9 -^§ , (54) 
and the physical momentum conveniently simplifies to 

j p = ar* d > + u$ k % kl <i>%, (55) 

compare f|39|> . where indices have been raised with the inverse metric g , and where the macro- 
scopic observer's frame defines the direction of time. We will now discuss the specific cases of 
electrodynamics and Dirac spinors in turn. 

For area metric electrodynamics, the source tensor is given by (|16p . with the trivial gauge 
group U(l). The physical momentum thus becomes 

f = F c ?F c0 + \<j>u> g {F, F)S P - \g~\F, F)S p q , (56) 

where by our conventions G~ 1 (F, F) = G abcd F C( iF cl i/A, and similarly for the term with u> g . A rather 
lengthy calculation, using the intermediate definitions F p = Ep for electric and F a p = ojg^apB 1 
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for magnetic components of the field strength, now reveals that 

Gabcdfj'ff = [C g -,{F,Ff + u, g {F,FY) (57) 

which must vanish for radiation. But since each of the field invariants in the bracket is positive, 
they must vanish separately. This in turn may be taken as an alternative definition of radiation as 
solutions of area metric electrodynamics characterized by vanishing field invariants C g -i(F, F) = 
and uj g (F,F) = 0. Finally, we conclude that for gauge field radiation, the totally antisymmetric 
contribution to the source tensor vanishes, 



LOQ Cd T a b cc i = u 9 (F, F) - ^^pf^ (F, F) = . (58) 



For Dirac fermions we have the source tensor f)35[) . Using the on-shell simplifications this source 
tensor implies an effective energy momentum tensor (|39p of the form 



Tfs a b = ^g ap ^( p D b) ^ - -g ap D {p ^ lb) ij . (59) 



Since T eS a a = 4G abcd T^ bcd , it immediately follows, again on-shell, that 

-labcdrpif) _ 1 , 



G abCd T'l cd = . (60) 



Collecting the results ([To]). (|58|) for gauge fields, and (|60j) . (|36|) for fermions, we thus arrive at 
the conclusion that gauge field radiation and massless fermions on an almost metric background 
satisfy the conditions 



oj% cd T abcd = and G abcd T abcd = . (61) 

In the following section, we will derive the equations of state for a radiative string fluid from the 
vanishing of these two invariants. 



VII. RADIATION-DOMINATED AREA METRIC COSMOLOGY 

Finally we turn to the effective string fluid that describes radiation fields in area metric cos- 
mology, both gauge fields and ultrarelativistic fermions, which for all practical purposes may be 
treated as massless. Imposing the radiation conditions (|6ip on the source tensor (|14[) for a general 
string fluid we obtain the equations of state for the macroscopic variables p, p and q that describe 
a radiation fluid: 

q = , p + p- 2p<p 2 = . (62) 
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These very simple equations of state present the technical key result of this paper. Note here that 
the first relation q = 0, equivalent to u>G abcd T a bcd = 0, also guarantees the conservation of the 
effective energy momentum (|37|) . according to equation ([45]) . 

We will now demonstrate that these relations for the macroscopic string fluid variables imply 
that an area metric cosmology filled with bosonic and fermionic radiation evolves precisely as 



a, 



the equations of 



Einstein cosmology filled with a perfect radiation fluid. As was shown in 
motion for area metric cosmology (determined by a homogeneous and isotropic FLRW metric g 
and scalar <ft) filled with a general string fluid (with p, p and q) are precisely equivalent to the 
equations for Einstein cosmology filled with a perfect fluid whose energy density p and pressure p 
both depend in a rather intricate manner on the more fundamental variables of the string fluid, p, p 
and q, and on the scale factor a and the scalar field (ft. So, schematically, we have 

Area cosmology (g, (ft) + String fluid (p, p, q) 

Einstein cosmology {g) + Perfect fluid (p, p) . 

More precisely, one finds p = 3(x — y) and p = x + y, so that the effective equation of state 
parameter becomes 

p 3(x - y) 

for 

x = -Hcftcft^ 1 + 4k(p + q)(ft 2 , y = 4nq , (64) 

where H = a/ a is the Hubble function and (ft is defined as in section IIVI This mapping is a 
convenient formal trick that allows to compare the predictions of area metric cosmology to standard 
cosmology. The appearance of the gravitational degrees of freedom a and (ft in (|64p. however, 
renders this map highly non-trivial; in particular, it is the exception rather than the rule that 
specific, physically meaningful equations of state for the string fluid variables p, p and q will 
recover the physically corresponding equations of state for a perfect fluid. 

For non-interacting string dust, for instance, we have shown in [2j that the equations of state 
take the form p = and q = —p; however, they do not imply p = for the effective pressure, which 
fact lies at the heart of the existence of the accelerating solution for the late universe in area metric 
cosmology. 
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Our equations of state (|62p for radiation string fluids, in contrast, imply that the effective perfect 
fluid indeed satisfies the familiar equation of state for radiation, 

P = \p' ( 65 ) 

as one easily verifies by insertion of (|62p into (I63p . This immediately implies the equivalence of 
area metric cosmology filled with radiation string fluids to Einstein cosmology filled with a perfect 
radiation fluid. Of course, area metric cosmology provides a more detailed solution for the scalar 
field 4> and the string fluid variables, but by a miraculous cancellation these details do not in any 
way affect the evolution of the scale factor. 

Therefore the area metric cosmology of the early, radiation-dominated universe is completely 
unchanged with respect to Einstein cosmology, so that all successes, such as for instance nucle- 
osynthesis (yielding the correct abundances of light elements already in standard cosmology), are 
inherited. But as we saw in [2|, the late universe in area metric cosmology does depart from 
Einstein cosmology in allowing for the experimentally observed accelerating expansion. 



VIII. CONCLUSIONS 



Nowadays, cosmology provides an excellent probe for our theories of nature; first, due to the 
availability of reliable, and partly unexpected, observational precision data, and second, because 
of the intricate interplay between different branches of fundamental physics that is needed to draw 
realistic conclusions. While the non-trivial combination of general relativity and the standard model 
of particle physics provides predictions consistent with most data, the observed small acceleration 
of the late universe indicates that our ideas about particle physics, or gravity, or both, might have 



29, 



30 



31 



32, 3i 



to be changed in order to satisfactorily explain this stunning observation 

The absence of a natural explanation within the cosmological standard model suggests that there 
is something essential about the interaction of spacetime and matter that we do not understand. 
This lack of understanding may quickly be parametrized in form of a cosmological constant, or a 
more elaborate model of dark energy; but the inherent difficulty of such purely phenomenological 
approaches is that we do not learn much at a fundamental level from the failure or even success of 
any such particular model. 

This insight is what has fuelled, at least from the point of view of relativists, the excitement 
about string theory ever since it became clear that both gravity and matter could arise from 
one fundamental principle, and their interaction be determined. Unfortunately, the consistency 
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of quantum string theory only in higher dimensions stands, to the present day in the way of 
unique phenomenological predictions. One qualitative aspect of quantum string theory however, 
which attracts increasing attention today are the refined effective geometries arising in form of two 
additional massless fields, the Neveu-Schwarz two-form and the dilaton, besides the graviton. 

Area metric geometry is the geometrization of this insight: the generalized effective backgrounds 
for strings can be neatly described by an area metric. This restriction to a description of only the 
massless modes, i.e., the refined effective background geometry, comes with a great advantage. As 
we showed before, this structure can be given consistent dynamics in four dimensions, which we 
interpret as a refined gravity theory. 

Intriguingly, the cosmology of this area metric gravity effortlessly provides a universe with 
increasingly small late-time acceleration, while the early, radiation-dominated epoch, as shown 
from first principles in this paper, evolves like in standard cosmology. Both the early and late time 
behaviour are thus consistent with observations, and follow from the single principle of an area 
metric spacetime structure. Especially since the derivation of these predictions also required an 
understanding of the consistent coupling of bosonic and fermionic matter, they provide non-trivial 
support for the consistency of an area metric structure of physical spacetime. 

More precisely, in this paper we studied the consistent coupling of Dirac spinors and non-abelian 
gauge fields to an area metric. The deeper insights into the null geometry of area metric manifolds, 
afforded here by studying open strings, were instrumental in providing a physically meaningful 
definition of radiation on area metric spacetimes. We showed that both radiation gauge fields 
and massless Dirac fermions are characterized by the vanishing of two invariants of their on-shell 
source tensors, which refine the notion of an energy- momentum tensor in the context of area metric 
spacetime. The technical key result of the paper, namely the equations of state for a string fluid 
describing bosonic and fermionic radiation, was then derived by imposing that the same invariants 
vanish for the source tensor of a string fluid. Other than in the case of a string dust fluid, which 
leads to a late-time acceleration of the universe, the string radiation fluid does not induce any 
deviation from Einstein cosmology in the early, radiation-dominated epoch of the universe. This 
shows that the success of the theory in explaining cosmic acceleration does not come at the cost 
of inconsistencies in the early universe. 

Maybe the most desirable feature of the theory is its direct falsifiability, since no undetermined 
new fundamental constant is introduced. The falsifiability is a direct merit of using a refined 
geometry; on a metric manifold, in contrast, any modification of the standard gravitational action 
requires the introduction of a length scale for dimensional reasons alone. Pushing this length scale 
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to smaller and smaller values may then always be used to achieve compatibility with standard 
predictions within any experimental margin of error. 

In contrast, every single prediction made by area metric gravity provides a rigid check on its 
validity. The next challenge is to derive predictions for the solar system, where the reduced sym- 
metry allows for even more deviation from purely metric backgrounds, as compared to cosmology. 
One immediate consequence is the kinematical possibility for arbitrarily large bi-refringence, which 
however is tightly constrained by readily available high precision data. It has to be seen whether 
the gravitational field equations constrain the solutions in such a way that bi-refringence is either 
absent or sufficiently highly suppressed. Again, the absence of a freely adjustable scale makes this 
another really decisive test of the area metric hypothesis. 
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APPENDIX A: CONVENTIONS 

In contrast to most treatments of quantum field theory we employ a mainly plus signature 
convention for the Lorentzian metric; our metric Riemann tensor is defined, in components, as 
R a bcd = ^b[d c]~^~^p[c^b\d]' anc ^ tne ^ cc ^ tensor as = R a bad- Lagrangian densities in the matter 
action S m = f C m are written with positive kinetic terms; then the Hamiltonian TL = — T%, for the 
energy momentum tensor T ab = 2/ \f zz g SS m / '5g a b- Also, Too > 0, so that the Einstein equations 
take the form — Rg a }j2 = 87rG/vT a b. 

For specific calculations with our conventions, we now also list consistent choices for the treat- 
ment of spinors. Together with the two-dimensional identity matrix U2, the Pauli sigma matrices 

--(::)■ '-(::)■ -(::) 

form a basis of the vector space of two-dimensional complex Hermitian matrices. They satisfy the 
anticommutator relation {a a ,a^} = 25 a ^^2- Using the notation 

a» = (l 2 ,a a ), <t» = (-l 2 ,a a ), (A2) 
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the Pauli matrices furnish us with a representation of the Dirac algebra on flat spacetime: 

/ a»\ 

T»=[ . (A3) 

\a» / 

Indeed, the anticommutator relation of the Pauli matrices immediately translates into the well- 
known anticommutator of Dirac gamma matrices, 

{V,T U } = 2rf v U, (A4) 

for flat spacetime metric r] with mainly plus signature (1,3). This signature is a consequence of the 
definition of which differs by a sign from that in most quantum field theory texts. Note that 
this representation is defined up to unitary equivalence; any redefined set of matrices T ,fl = UT^U^ 
for unitary U with U^U = I4 satisfies the same Clifford algebra. It is very useful to have a simple 
expression for the Hermitian conjugate of the Dirac matrices. In the representation introduced 
above one easily checks that 

r"t = r rT° , (A5) 

but this statement is independent of an arbitrary unitary change of representation. 

The commutator of the Dirac matrices gives, as usual, the generators of the Lorentz algebra in 
the spinor representation: 

TP" = ^ [T", r"] , [E"", Y> pa ) = fS ro - ifY?* -(p^ a ). (A6) 

A representation of the proper orthochronous Lorentz group, which is the subgroup continuously 
connected to the identity, is then given by 

A 1/2 M=exp(i^S^) (A7) 

for real antisymmetric parameters lo^. Note that A 1 / 2 (w) _1 = A 1 / 2 (— w); using this fact it can be 
shown in standard fashion that the Dirac matrices transform as a Lorentz vector: 

A 1/2 - 1 r^A 1/2 = A%r". (A8) 

From the simple behaviour of the gamma matrices under Hermitian conjugation, it follows that 
£M"t = r o S / i i/ r O ) and hence that Ai/2 f = _r°A 1/2 _1 r . The Lorentz transformation of Dirac 
spinors ip and -if; = ifj^F then becomes 

^"-»A 1/2 ^, ^ ^A 1/2 _1 . (A9) 
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This allows us to write down the Lagrangian density for massive Dirac spinors on flat space: 

= ^Vr^ - \id^T^ - im$il> . (A10) 

The form of C is chosen symmetric in t/j and ip for convenience of generalization in the paper; the 
odd factors of i ensure that C is Hermitian, and thus real. 
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